We present possible realizations of gauge inflation arising from a 5D N = 1 supersymmetric U (1) model, where the extra dimension is compactified on a circle. A one-loop inflaton effective 4D potential is generated, with the inflaton being a 'Wilson-line field'. It relies on a SUSY breaking. We first consider SUSY breaking to occur spontaneously within a 'no-scale' model by a non zero F -term of the radion superfield. As an alternative, we study D-term SUSY breaking originating directly from the 5D gauge supermultiplet. Together with the usual KK resummation method, we present a calculation with the world-line formalism. The latter allows one to get the resulting effective potential directly as a sum over all winding modes. For both presented scenarios, the generated effective potentials have suitable forms for realizing successful inflation, i.e. are flat enough and give the needed number of e-foldings. In addition, there is a natural way to get strongly suppressed values for the potentials, which then could be associated with dark energy/quintessence.
Introduction
Inflation is an efficient way to solve the cosmological flatness, horizon, and monopole problem [1] . It explains naturally why the visible part of the universe appears to be homogeneous and isotropic on large scales. Field theoretic real-time models of inflation can explain the seeding of structure formation. The experimental data on the spectral properties of primordial density perturbations do not lead to a unique inflation model in field theory. If in a given field theory model the scale of inflation is close to the 4D Planck scale M P the slow-roll requirements linked to the model's tree-level potential generically are violated by the appearance of gravitationally induced operators. Even for low-scale inflation the coupling of the inflaton to other fields induces radiative corrections to the inflaton potential which are hard to control. This problem is much milder if a symmetry protects the potential. For example spontaneously broken, rigid supersymmetry (SUSY) yields flat potentials [2] for inflaton fields if the scale of SUSY breaking is much lower than M P . In this case supergravity effects can safely be neglected. Another possibility for the generation of radiatively stable, flat potentials is the spontaneous breakdown of a global symmetry at scale f . Very recently, this possibility was used to construct Little Higgs theories [3] . Furthermore, spontaneously broken global symmetries may underly the curvaton scenario for the non adiabatic generation of curvature perturbations after inflation [4] . Coming back to inflation itself, it is long known that a small amount of explicit symmetry breaking on top of the spontaneous breakdown opens up the possibility that (quasi) de-Sitter-cosmology can be driven by the associated pseudo Nambu-Goldstone (PNG) fields [5] . Slow roll of these fields is ensured if M P /f ≪ 1. However, a symmetry breaking above M P is probably beyond a field theoretical treatment. This significantly reduces the appeal of the 4D PNG model. This problem was recently pointed out in [6] , and a resolution in terms of gauge symmetry combined with the assumption of extra, compactified dimensions was proposed. A 4D effective potential for the Wilson-line phase
(R denotes the compactification radius) arises by means of the Hosotani mechanism [7] if charged states are present in a theory. The potential is protected from quantum gravity corrections due to 5D gauge invariance. Moreover, the scale f Θ , which enters the slow-roll condition M P /f Θ ≪ 1, is naturally larger than M P if the effective 4D gauge theory is weakly coupled. A variant of this model uses a mass M ≫ R −1 for the charged bulk fluctuations which exponentially suppresses the value of the potential [6] making it a suitable candidate [8] for dark energy i.e. quintessence [9] . To derive the effective 4D potential for Θ one usually appeals to 'Kaluza-Klein' (KK) regularization, i.e. a Poisson resummation of the KK spectrum [10] . This recipe avoids the use of a cutoff which would destroy some of the symmetries of the underlying higher dimensional theory. Recently, KK regularization was intensively disputed, and it was pointed out that SUSY and gauge symmetry in field theory help to make KK regularization consistent but that ultimately it is string theory that provides a physical KK completion in the ultraviolet [11] . It may be helpful in this context to point out that in a world-line formulation of quantum field theory [12] in 5D spacetime no Poisson resummation of the KK tower is needed, since directly a sum over winding modes is introduced in the action [20] −
(see Appendix B for details). In the non-SUSY case this approach exhibits a 5D UV divergence from the zero-winding sector in the one-loop effective potential which is cut off by restricting the proper-time integration to T ≥ Λ −2 . In a SUSY setting, inflation can only occur if SUSY is broken somehow. The purpose of the present paper is to investigate how in the simple situations of 5D N = 1 SUSY U(1) gauge dynamics SUSY breaking translate into a potential for Θ. We assume the extra dimensions coordinate y describes a circle. Our results can be used as guidelines for the more realistic cases of non Abelian gauge symmetry and/or a larger number of (orbifolded) extra dimensions. In the next section we introduce our model. We use the formulation of [13] with a chiral radion field T and consider spontaneous SUSY breaking by a no-scale sector such that F T = 0. We also consider D-term SUSY breaking by assuming that the neutral scalar component of the chiral superfield Φ in the 5D gauge supermultiplet obtains a profile along the extra dimension. The effect on the spectrum of the KK modes is investigated for both cases. In Sections 3 and 4 we compute the effective one-loop potentials for Θ. In Sec. 5 we present cosmological applications of the models. Sec. 6 includes discussion and outlook. Appendix A is devoted to an analysis of the KK spectra. It also contains technical details concerning the computation of the effective potential. In Appendix B a calculation of the effective potential is presented which uses the world-line method.
2 The Model 2.1 Set-up of 5D dynamics Consider 5D N = 1 SUSY U(1) gauge theory formulation [14] with the fifth spatial and flat dimension y compactified on a circle, 0 ≤ y ≤ 2πR. We stick to the usual convention that 4D coordinates are labeled by Greek indices (µ = 0, · · · , 3). 5D N = 1 supersymmetry is equivalent to 4D N = 2 SUSY. In terms of N = 1 supermultiplets, the 5D gauge supermultiplet is V N =2 = (V, Σ), where
is a 4D vector superfield, while Σ is a chiral superfield
The 5D Lagrangian L V of the pure gauge sector reads [13] , [14] 
where
In addition, there are two chiral superfields
with respective charges q and −q. These superfields constitute the 5D hypermultiplet φ N =2 = (φ,φ). The 5D Lagrangian L φ for the matter reads
Each of the Lagrangians (5), (8) is invariant under 5D U(1) gauge transformations
Also there is invariance under two 4D N = 1 SUSY transformations. These two supersymmetries are related by an SU(2) R symmetry. The bosonic part of L V + L φ , involving 4D scalar and auxiliary components, reads
Eliminating F and D-terms from (10), the part V in (10), which does not contain 4D derivatives, reads
If we assume the VEV A 5 to be constant in y, the Wilson-line phase Θ generated by a line integration along the entire extra dimension reads
In order to generate a 4D effective one-loop potential for the field Θ by the Hosotani mechanism [7] SUSY must be broken in some way. We distinguish two cases of SUSY breaking in the following: (i) spontaneous breaking by the dynamics of a no-scale sector, (ii) D-term breaking by a non vanishing (initial) value of the VEV of Σ's scalar component Φ in (4). We will discuss the physics being potentially responsible for situation (ii) below. As for case (i) some technical remarks are in order. A superspace formulation of the theory L V + L φ involving a chiral radion superfield
has been proposed in ref. [13] . The field T appears in terms of a factor (T † +T )/(2R) for the first term in (8) , and in terms of a factor R(T + T † ) −1 and a factor T /R for the first and second term, respectively, in (5) . Upon θ andθ integration, the elimination of the auxiliary fields by their equations of motion this formulation yields the usual component-field 5D Lagrangian L V + L φ . The radion field T is of the no-scale type [13] and has a flat potential in the T direction in stringderived [16] supergravity models [15] . The superfunction G = −3 ln K + ln |g| 2 , K denoting the Kähler potential and g the superpotential, in such 'no-scale' [15] ('non minimal' [17] or 'minimal SU(n, 1)' [18] ) models can be written in the form
where φ i denote chiral fields, g 3 is a renormalizable superpotential, and all fields are in Planck units. G is invariant under particular Kähler transformations being related to dilatations. No-scale models have T = R as a sliding scale in a flat potential, and the scale of SUSY breaking F T is also not fixed. With ref. [13] we will discuss in the next section how F T = 0 affects the spectrum of the charged KK modes whose fluctuations generate a 4D one-loop effective potential for Θ 1 .
KK decomposition and SUSY breaking
Since we compactify on a circle the usual consideration of reflection parity for orbifold compactifications do not apply. The charged scalar fields φ andφ have the following KK decompositions
1 The way the SUSY breaking F T is derived in [13] using a 'compensator field', which drops out of G, should be compared in detail with the methods in [18] .
while the decomposition of the real field Φ is
A similar decomposition as in (14) and (2.2) holds for the charged fermions λ φ , λφ and A 5 , respectively. In case (i) we consider spontaneous SUSY breaking. To assume in (15) 
with some slowly varying function f would simply shift the SUSY mass M by a finite amount. We set Φ (n) + (x) ≡ 0 when considering case (i). We are interested in the generation of a 4D effective one-loop potential for Θ. Since the gauginos λ 1,2 do not couple to A 5 they are irrelevant for the Hosotani mechanism. As in (12) we assume A 5 to be constant in y -only its lowest KK mode contributes. The shift of the masses m φ,φ n of the charged, bosonic KK modes can be calculated after a diagonalization of the (2 × 2)-mass matrix for φ n and φ n at the nth KK-level [13] :
The KK masses of charged fermions,
are not shifted. This breaking of SUSY occurs through the non zero F T of the radion supermultiplet (13) . Therefore, the SUSY transformation for the Ψ Let us now consider case (ii). Here SUSY breaking proceeds by a non vanishing scalar VEV of ∂ 5 Φ and therefore, the latter appears as an order parameter for SUSY breaking. One can see from (10) 
we see that in this case the λ 1 gaugino appears as a goldstino. For simplicity we assume in (15) Φ
This induces next and next-to-next neighbor interactions in the fluctuating KK tower, see Appendix A. Correspondingly, higher KK modes of Φ would cause non vanishing elements of the KK mass matrix further away from the diagonal. The field expectation value V is not dynamical.
2 . For the one-loop potential V eff (Θ) to be relevant for inflation, we assume here that some external dynamics keeps V (x) constant and away from zero and that the overall vacuum energy vanishes at treelevel. This would happen, for example, if a SUSY-breaking potential P (V ) was added to the effective 4D dynamics such that the sum of the tree-level potential ∼ R −2 V 2 and P (V ) has a nontrivial minimum at zero energy. Since only very particular potential couplings are allowed by 5D SUSY, one can induce P (V ) on the 4D level. This would require an orbifold scenario with appropriate brane potential couplings. The calculation of the effective potential for a Wilson-line phase within an orbifold construction is beyond the scope of this paper [19] .
At tree-level the Wilson-line phase Θ would not have a potential in 4D due to 5D gauge invariance. For a compactified extra dimension this is no longer true if the quantum fluctuations of charged bulk matter are integrated out [7] . We assume that w.r.t. 4D-x A 5 varies on scales larger than the compactification scale R −1 such that the lowest order in a derivative expansion of the quantum effective potential in 4D is a good approximation.
When calculating the one-loop effective potential in 4D for Θ the presence of the A 5 coupling to ϕ (n) , ϕ (n) and λ φ , λφ in (10) and the fact that F T = 0 effectively modify the KK masses as follows
After a Schwinger parametrization of tr log we have
2 On the one hand, slow-roll for V due to 4D tree-level dynamics (V 2 potential) would require V ≫ M P which is precisely what we would like to avoid. On the other hand, loop effects, which qualitatively change the tree-level potential for V such that V is slowly rolling at V < M P , are not under control in a perturbative treatment of the supertrace appearing in the computation of the Hosotani potential for Θ.
where STr and M denote the supertrace and the (diagonal) super mass matrix for the fluctuating bosonic and fermionic fields, respectively. As usual 3 , we perform a Poisson resummation,
and afterwards carry out the t integral in (21) . The result of the integration is 2 M 5 K 5/2 (2πRMk) where K 5/2 denotes a modified Bessel function. Collecting everything, we finally obtain
in complete agreement with a world-line calculation (Appendix B). Notice that the divergent bosonic and fermionic contributions at k = 0 cancel exactly because of SUSY -the usual fine-tuning of the cosmological constant is not needed. For F T = 0 and small Θ the effective potential is positive, and thus it drives de Sitter expansion if Θ is rolling sufficiently slowly. In the limit of unbroken SUSY, F T → 0, the effective one-loop potential for Θ vanishes.
V eff (Θ) from D-term SUSY breaking
Let us now investigate case (ii), namely the effect of D-term SUSY breaking according to (19) . The one-loop effective potential in this case reads
where STr also indicates the trace in KK space. The matrices D and B denote the diagonal and the off-diagonal parts of the KK mass-squared matrices. We will compute V eff in quadratic order in B. The treatment of the term
[expansion of the exponential in (24)] is presented in Appendix A. Under consideration of (A.11), the quadratic order in B reads
We now perform a Poisson resummation (22) in (25) . Recalling that
we obtain
with
Performing the t-integration for |k| ≥ 1, we get
The case k = 0 leads to a Θ-independent, linear UV divergence which renormalizes the 4D gauge coupling (a discussion of this is presented at the end of the paper). We omit this Θ independent part when studying inflation. Thus the final expression for V eff reads
The same result is obtained by a (very fast!) world-line method calculation in Appendix B. Notice the exponential suppression of higher winding modes in the coefficient C k . If there is a hierarchy MR ≫ 1 the effective potential is strongly suppressed. The effective potentials in (23), (30) (20), (A.3), (A.4), the Lagrangian is not changing under this shift because there is summation over an infinite number of KK states. This manifests the 5D gauge invariance.
Cosmological applications

Slow roll and e-foldings during inflation
To decide under what conditions Θ can drive inflation we have to look at its 4D kinetic term as it follows from the 5D gauge curvature by integrating over y [6] . This may seem strange at first sight since we used a derivative expansion in zeroth-order approximation when calculating V eff (Θ). However, in the slow-roll regime derivative terms arising from the expansion of V eff (Θ, ∂ µ Θ) are strongly suppressed as compared to the ones coming from the 5D gauge curvature, see below. We have
So the canonically normalized field φ Θ is defined as
and M P is the 4D reduced Planck mass. The slow-roll conditions for the field φ Θ read
′′ denote the potential's derivatives in respect of φ Θ . Let us first discuss case (i). We only consider the contribution at m = 1 in (23) since terms with m > 1 are exponentially and strongly power suppressed. Substituting the m = 1 part of (23) into (34), we obtain
According to (35) a hierarchy between R −1 and M P can be compensated by a small 4D gauge coupling g 4 ≪ 1. Moreover, a small g 4 keeps the argument of the tangent small in ǫ and thus yields an additional suppression. Let us now look at the amount of e-foldings we may expect to be produced by the slowly rolling field φ Θ .
The number of e-foldings for canonically normalized field φ Θ (of Θ) is given by the following formula
Using (23), (30), (33), for both scenarios considered above, we obtain
Taking in (37) M P R = 10 − 100 , g 4 < ∼ 10 −2 − 10 −3 , we easily get N Θ > ∼ 55, which evades the horizon problem and guarantee flatness of the Universe up to the needed accuracy.
Application for quintessence
As was pointed out in [8] , for a hierarchy 1/R ≪ M (recall that M is a SUSY bulk mass for matter), the generated effective potentials are getting strongly suppressed. From (23), (30) one sees that the potentials in both scenarios (i) and (ii) aquire a factor ∼ exp (−2πMR), which for MR = 30 − 50 provides suppression such that V eff ∼ (3 · 10 −3 eV) 4 . This amount can be associated with dark energy, making the model a candidate for quintessence [9] .
The presented effective potentials may be relevant for both inflation and quintessence. Inflation would start at RM ∼ 1, and at the end of inflation the radion field would relax to the minimum of a stabilizing potential corresponding to MR ≫ 1. This, of course, requires a dynamical model for the radion field, for its foundation within 5D supergravity see [22, 23] .
Discussion and outlook
In this paper we have realized the idea of gauge inflation within a 5D supersymmetric setting exploiting U(1) gauge symmetry. For this, two possibilities of SUSY breaking were considered. The 'no scale' one-loop potential has the advantage that the treelevel contribution vanishes. In both scenarios, the obtained effective potentials make the 'Wilson-line phase Θ' a candidate for the inflaton. Namely, for a given hierarchy between M P and the compactification scale 1/R a proper choice of the 4D gauge coupling g 4 guarantees slow roll conditions and the required number of e-foldings. Also, the specific forms of the effective potentials opens up the possibility to describe quintessence.
As a byproduct we have demonstrated that the winding mode representation can be written down directly using the world-line method (Appendix B).
For quantitative estimates [in eqs. (34)- (37)], one should use a perturbatively small, renormalized value of g 4 . As it is known the KK excitations above 1/R induce a power law running of g 4 (linear in case of 5D). This effect was observed in our calculation of V eff (Θ) in the case of D-term SUSY breaking. The emerging linear UV divergence, coming from the zero winding mode, should be absorbed into the bare 1/g 2 4 [the corresponding operator is
. This is nothing but a renormalization of the gauge coupling. Another question, which should be understood (for both scenarios), is the origin of the small value for g 4 and the mechanism which guarantees its smallness. For example, an embedding of the U(1) in a non Abelian gauge symmetry, which is unbroken at high energies, prevents g 4 to reach the Landau pole. For such a scenario, one could have in mind some specific GUT, which naturally unifies U(1) with the SM interactions. Another way for an ultraviolet completion is the possibility of embedding the 5D SUSY U(1) gauge theory in a superstring model.
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Appendix A: KK spectrum and STr e −(D+B)t
Here we quote the mass matrices for the fluctuating KK modes as they arise from the D-term SUSY breaking according to (19) . After KK decomposition of the fields appearing in (11) and subsequent integration over y the bilinear terms in the effective 4D bosonic KK modes are
The bilinear expressions for the superpartners have form
The matrix elements appearing in (A.1) and (A.2) read as follows
all other elements are zero. Matrix elements of fermionic states look 4) while all other elements are zero. For the calculation of the effective potential the matrix
λ is relevant where M λ+ denotes complex conjugation of M λ and transposition in the KK indices. The elements of ( .5) All other elements are zero. Let us now evaluate the expression .6) We have
The supertrace of the first term in (A.7) vanishes because the elements of D coincide for scalars and fermions, see (A.3) and (A.5)]. The trace of the second term in (A.7) is zero because B is an off-diagonal matrix. Therefore the leading contributions are due to the third term in (A.7). We have
According to (A.7), (A.9) we evaluate the following sum
We have obtained the second term in the second line of (A.10) by substituting p → l − 2 − p and shifting n → n − 1. Finally, we have
Appendix B: Calculation of V eff (Θ) in world-line formalism
Here we briefly sketch how an effective one-loop potential for Θ arises in the worldline formalism. First, we consider bosonic fluctuations. Like in thermal physics [20] the effective one-loop potential in the world-line formalism is expressed in terms of an integration over the proper length of all possible closed-path trajectories. We have
In (B.2) a constant part x 5 and a non constant, periodic part y(τ ) have been separated from the topological part of the trajectory. Performing the integration over all trajectories and using Θ = 2πRA 5 , we arrive at
3)
The last term in (B.3) is a contribution from k = 0 and is quintically UV divergent. It expresses the usual cosmological-constant problem in 5D. Whether a cutoff must be introduced or not in the KK tower needs not be addressed in the world-line formulation. In particular in the non-SUSY case we do, however, need a 5D cutoff Λ −2 ≤ T for the zero-winding contribution. In case (i) (spontaneous, no-scale SUSY breaking) the coupling to the gauge field of the two complex, fluctuating scalars and the two Dirac fermions is in the world-line formalism described by iẋ 5 qA 5 i 2R 4) respectively. Using these interactions to calculate the effective potential in analogy to (B.1) and taking a trace, we again arrive at expression (23) which was obtained from a Poisson resummation of the KK spectrum. In case (ii) (D-term SUSY breaking by Φ = V sin y R ) the world-line treatment is more involved since now the 'outer' field Φ is not constant [21] . Let us briefly sketch how things work here. For charged scalars we only have to shift M → M − The additional component ψ 6 is needed if the coupling of the spinning particle to the scalar background Φ is of the Yukawa-type in field theory [21] . Since the part in (B.1), which depends on x 5 is universal for fermionic and bosonic fluctuations we only need to consider the term qiψ 6 ψ 5 ∂ 5 Φ in (B.5). This term breaks the supersymmetric cancellation. We write Φ = V /(2i)(exp[ix 5 (τ )/R] − exp[−ix 5 (τ )/R]), substitute this into (B.5) and expand the exponential in (B.5) up to second order in V . Performing the Grassmann-integration and exploiting translational invariance on the circle, the part of (B.5) due to qiψ 6 ψ 5 ∂ 5 Φ turns into 6) where G F = signτ and G B =τ (1 −τ )/T denote the fermionic and bosonic worldline Green's functions, respectively. Substitutingτ = yT in (B.6), performing the T -and the x 5 -integrations, and neglecting the Φ dependent contributions from the bosonic sector and the linearly UV divergent k = 0 contribution, we arrive at the following effective potential This is the formula one would obtain from (30) by isolating the quadratic order in V .
